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This s tudy shows t h a t  an on-board magnetic d ipo le  
r eac t ing  w i t h  t h e  e a r t h ' s  magnetic f i e l d  can be used f o r  
dumping CMG b i a s  momentum. System inplementation on a Second 
AAP Workshop would r equ i r e  only t h e  add i t ion  of a magnetometer 
t o  measure the  e a r t h ' s  magnetic f i e l d ,  an electromagnet t o  pro- 
duce the  magnetic torque,  a c o n t r o l  ampl i f i e r  t o  supply t h e  
proper c u r r e n t  t o  t h e  magnet c o i l s ,  and a small  amount of 
d i g i t a l  computer software.  Operation i s  automatic and momentum 
dump a t t i t u d e  maneuvers are eliminated. 
A magnetic moment c o n t r o l  l a w  i s  devised which c lose ly  
approximates t h e  one t h a t  r equ i r e s  minimum electric energy from 
t h e  power supply.  
a t t i t u d e  modes-POP (long a x i s  perpendicular  t o  t h e  o r b i t a l  
p l a n e ) ,  I O P  ( long a x i s  i n  t h e  o r b i t a l  plane)  , and 45O OP (long 
ax i s  4 5 O  t o  t h e  o r b i t a l  p l a n e ) .  The 45O OP mode, although 
undesirable  f o r  t h e  Second Workshop, i s  considered only t o  
establish an upper bound f o r  the  magnetic torque requirement. 
The con t ro l  l a w  i s  evaluated f o r  t h r e e  
Minimum weight magnetic design equations are developed 
and a c t u a l  a i r  c o i l  and i r o n  core  c o i l  magnet designs are pre- 
sented f o r  a Second Workshop. Using 20 f t  diameter a i r  coi ls ,  
t h e  t o t a l  required c o i l  and power supply weights a r e  134 lbs 
f o r  t h e  POP mode and 366 l b s  f o r  t h e  I O P  mode. For t h e  I O P  
mode t h e  maximum magnetic f i e l d  produced a t  t h e  cen te r  of t h e  
c o i l s  i s  only 2-1/2 t i m e s  t h a t  of t h e  e a r t h ' s  f i e l d .  The c o i l  
f i e l d  decreases r ap id ly  with d i s t ance  from t h e  c o i l ,  al lowing 
t h e  magnetometer t o  be so loca ted  t h a t  i t s  readings are not  
adversely a f fec ted .  
A method is  a l s o  presented f o r  quickly es t imat ing  
magnet designs f o r  v a r i a t i o n s  of Workshop i n e r t i a  p rope r t i e s .  
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SUBJECT: U s e  of Magnetic Torque for CMG DATE: December 2 g r  1 9 6 9  
Momentum Management 
FROM: W. Levidow 
TECHNICAL MEMORANDUM 
1.0 INTRODUCTION 
Gravity gradient and aerodynamic torques acting on 
the AAP Workshop are counteracted by the momentum exchange 
action of the control moment gyros (CMGs) used for attitude 
control. However, the momentum accumulation due to the bias 
components of these torques must be dumped before CMG saturation 
is reached. 
For a Second AAP Workshop, for which stellar astronomy 
is being considered, it would be preferable to dump this bias 
momentum with a scheme that does not require attitude maneuvers. 
This memorandum investigates such a dump scheme, using an on- 
board magnetic dipole interacting with the earth's magnetic 
field. A magnetic moment control law is suggested and minimum 
weight designs presented for both air and iron core coils. 
2.0 MAGNETIC DUMP CONCEPT 
In arder to prevent momentum saturation, it is neces- 
sary to establish an external torque on the vehicle directed 
opposite to the bias momentum. If a magnet of magnetic moment 
M is placed in the earth's magnetic field B, a torque - T acts on 
the magnet such that - 
If the magnet is fixed to a vehicle located in the earth's mag- 
netic field, this torque is transmitted to the vehicle. 
The momentum change produced by this magnetic torque 
is given by 
t t AH - = 10Tdt = lo (M_xB)dt - 
If, as shown in Fig. 1, B is the earth's magnetic 
field and % is the bias component-of the CMG momentum, dumping 
requires establishing a magnetic torque opposite to - Hb. 
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Z' FIGURE 1 
However, equation (1) indicates that a magnetic torque can be 
developed only perpendicular to - B. At best then, a torque T 
can be developed opposite to H 
to B. It can be developed by providing a magnetic moment M 
perpendicular to H . Its effect in time is to cancel or dump H . 
the component of €-Ib perpendzcular -P ' 
-P -P 
If B maintained a fixed orientation over an orbit, it 
would be impossible to dump the component of the bias momentum 
parallel to B. But except for the orbit lying in the magnetic 
equatorial plane, the direction of B relative to an inertially 
stabilized vehicle varies with orbical position and earth rotation 
(Appendix A).. As B changes direction, it is possible to continu- 
ally dump the component of €Ib that is perpendicular to - B.
action over an orbit can dump all components of gb. 
This 
3.0 MAGNETIC MOMENT CONTROL LAW 
To determine the required magnetic moment M(t) for a 
particular orbit, one can solve the momentum equation 
where - B(t) is the earth's magnetic field variation for that orbit 
and Hb is the orbital bias momentum due to gravity gradient and 
aerodynamic torques. There is not a unique solution unless a 
constraint is imposed on M, for any number of profiles of M can 
satisfy the above equation. 
given magnet coil resistance, the power required to produce M is 
proportional to the square of the magnitude of M. A reasonagle 
constraint then is one which minimizes IOIMI dt, resulting in 
- 
It will be shown later that fsr a 
- 
T 2  - 
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minimum electrical energy for that orbit. The solution (Appen- 
dix B) is 
where 6 is the matrix equivalent to the vector cross product 
operatyon - B x ,  
for the orbit. M(t) varies over the orbit due to variations in 
B(t). This soluEion for M(t) could be implemented but it re- 
quires knowledge of both B(t) - and sb before the orbit is flown. 
Because these quantities are not precisely known in advance, and 
because of the computational requirement involved, the solution 
is not as attractive as the following control law which it 
suggests e 
The quantity within the bracket is a constant vector 
Let M(t) - be defined over, an orbit as 
M(t) = k s  x - B(t) 
where 5 is the CMG momentum (computed from gimbal angles) sam- 
pled at the beginning of the orbit. M(t) varies over the orbit 
due to variations in B(t). If the veztor kH is set equal to 
the vector in 'the brazkets of equation ( 3 )  ,-!?hen the two solu- 
tions are identical. This can be accomplished by both adjustment 
of the CMG gimbal angles at the initial sampling and selection 
of the scale factor k. 
dumped on the following orbit. 
With this initialization, exactly Fb is 
If the variation of B(t) from orbit to orbit were 
identical, then €lb would be dumped each orbit and % would be 
identical at each sampling (the cyclic component of the CMG 
momentum does not affect the once per orbit sample value). How- 
ever, B(t) is not identical from orbit to orbit because the 
earth's rotation varies the direction of the earth's magnetic 
dipole relative to the orbital plane. As a result, a momentum 
somewhat different from Hb is dumped for some orbits. H then 
varies within a small bounded,region determined by the scale 
factor k. Furthermore, simulation of this control law shows 
that even if & is not initialized properly, it converges to 
within the same region in a few orbits; it automatically adjusts 
to provide the proper M(t) for dumping. For example, if B(t) 
and - Hb during a particKlar orbit are such that the controf law 
provides insufficient dumping, & at the next sampling is changed. 
s - 
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M ( t )  i s  then d i f f e r e n t  i n  t h e  following o r b i t  r e s u l t i n g  i n  
greater dumping ac t ion .  
by o r b i t  changes i n  - B ( t )  and gb. 
s e t t i n g  M(T7 = k(gS-%) x - B ( t )  where % i s  the  des i r ed  s h i f t  i n  
t h e  region. 
Thus €& automatical ly  a d j u s t s  f o r  o r b i t  
H can be made t o  converge t o  a d i f f e r e n t  region by 
Except f o r  the  change i n  - B ( t )  from o r b i t  t o  o r b i t  re- 
x - B c o n t r o l  l a w  suiting from t h e  e a r t h ' s  r o t a t i o n ,  t h i s  M = kH 
r equ i r e s  minimum energy from t h e  power supply? 
4 . 0  SYSTEM IMPLEMENTATION 
Figure 2 i s  a s impl i f i ed  block diagram of t h e  magnetic 
dump system. The a d d i t i o n a l  equipment over t h a t  required by the  
present  A t t i t ude  Control System are the  magnetometer (approx- 
imate weight = 1 0  l b s )  t o  measure t h e  e a r t h ' s  magnetic f i e l d ,  
t h e  c o n t r o l  ampl i f i e r  t o  c o n t r o l  t h e  cu r ren t s  t o  t h e  magnets, and 
t h e  magnet c o i l s .  
H i s  obtained by sampling t h e  CMG momentum which i s  4 already a v a i l a b l e  i n  t h e  d i g i t a l  computer. The impact on t h e  
computer i s  of a software na ture  and the  computer t i m e  requi re -  
ment i s  s m a l l .  
5.0 M = kH x B SIMULATION - ,s - 
The  con t ro l  law was simulated f o r  a Second Dry Work- 
shop with a s t e l l a r  ATM loca ted  on t h e  s i d e  of t h e  MDA. The 
CSM i s  a x i a l l y  docked. The Workshop f l i e s  i n  a 220  nm, 35' i n -  
c l i n a t i o n  o r b i t .  
Three o r i e n t a t i o n  modes (Fig.  3 )  w e r e  considered - 
POP (long a x i s  perpendicular t o  t h e  o r b i t a l  p l a n e ) ,  I O P  ( long 
a x i s  i n  t h e  o r b i t a l  plane)  and 45' OP*(long a x i s  45O t o  t h e  
o r b i t a l  p l ane ) .  
t o  t h e  b i a s  aerodynamic torque r e s u l t i n g  from t h e  e f f e c t  of 
t h e  d i u r n a l  bulge.  The aerodynamic torque model a t  Bellcomm 
produces an aerodynamic b i a s  momentum of 225 ft-lb-sec with t h e  
sun i n  t h e  o r b i t a l  plane.  
due t o  misalignment of t he  p r i n c i p a l  and geometric axes can be 
reduced t o  30 f t - lb -sec  by a s m a l l  Z a x i s  maneuver. ( 3 )  
momentum vec to r s  l i e  i n  t he  o r b i t a l  plane.  
For t h e  POP mode, t h e  b i a s  momentum i s  due pr imar i ly  
The g r a v i t y  g rad ien t  b i a s  momentum 
Both b i a s  
For t h e  I O P  mode, t h e  sun i s  considered t o  l i e  i n  t h e  
o r b i t a l  plane and t h e  te lescope  po in t s  45O out  of t h e  o r b i t a l  
*The 4 5 O  OP mode i s  undesirable  f o r  t h e  Second Workshop. 
It i s  considered only t o  e s t a b l i s h  an upper bound on t h e  magnetic 
torque. 
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plane t o  a s ta r .  This  o r i e n t a t i o n  maximizes both t h e  aerodynamic 
and g r a v i t y  g r a d i e n t  b i a s  momentum vec to r s .  The former l ies  
perpendicular  t o  t h e  o r b i t a l  p lane  and t h e  l a t t e r  l ies i n  t h e  
o r b i t a l  plane.  
FIGURE 3 
For t h e  45O OP mode, t h e  2 axis  l ies  i n  t h e  o r b i t a l  
plane and t h e  X a x i s  i s  r o t a t e d  45O o u t  of  t h e  o r b i t a l  plane.  
This 45O OP o r i e n t a t i o n  i s  considered here  because i t  rep resen t s  
t h e  upper l i m i t  f o r  g r a v i t y  g r a d i e n t  b i a s  momentum. This vector 
l i es  i n  t h e  o r b i t a l  plane.  The aerodynamic b i a s  momentum is 
comparatively n e g l i g i b l e  i n  t h i s  mode. 
2 
f o r  t h e  Second Workshop are :*  Ix = 634,400, I = 4 , 1 1 2 , 9 0 0 ,  
= 4 , 2 2 0 , 6 0 0 ,  r e s u l t i n g  i n  p e r  o r b i t  t o t a l  aerodynamic and 
g r a v i t y  g r a d i e n t  b i a s  momenta along t h e  veh ic l e  coord ina te  axes of 
The es t imated  p r i n c i p a l  moments of i n e r t i a  ( s l u g - f t  ) 
Y 
IZ 
Mode 
POP 
H ( f t - lb -sec)  -b 
( 0 ,  0, -255) 
I O P  (575, 1 6 0 ,  -160) 
45O OP (0 ,  0, 19000) 
For each mode, POP, IOP, and 45' OP,  t h e  s imula t ion  
cons i s t ed  of s e t t i n g  kH fo r  t h e  f i r s t  o r b i t  equal  t o  t h e  va lue  
wi th in  t h e  bracke ts  of equat ion ( 3 ) .  A t  each success ive  sampling, 
H was incremented by A l l s  = H + Jog x Bdt. Each s imula t ion  was -S -b - 
run f o r  1 6  o r b i t s  during which t i m e  t h e  e a r t h  makes approximately 
a f u l l  r o t a t i o n .  
-S 
T 
"Calculated by W. W. Hough of Bellcomm, Inc. from MSFC d a t a  
on t h e  f i r s t  Workshop. 
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As expected from the previous analysis, the value 
of k had little effect on M+t) when k& was properly 
initialized. The simulation also demonstrated that even if 3 
were initialized to the null vector, a value of k ranging from 
3 x l o 6  to 5 x 18 produced, after a few orbits, the same M(t) 
as when & had been properly initialized. 
report are based on using k = 4 x l o 6 ,  with H+ given in ft-lb- 
sec, B in webers per meter , and M - in amp-turn-meter . The 
magni-eudes of the variation of H 
6 
All data in this 
2 2 
over 1 6  orbits were as follows. s 
IOP 45OOP -POP -
48  362 4000 ft-lb-sec 
Between samplings the variation of CMG momentum is greater due to 
the cyclic components of the aerodynamic and gravity gradient 
torques. 
The bias momentum vector Hb for any mode can lie in - 
a variety of spatial directions depending upon vehicle attitude. 
Since the M(t) - profile required to dump gb depends upon the 
angular relationship with time between - B and -b' H M(t) - depends 
upon vehicle attitude. The simulations in this study are for 
the solar array and telescope orientation within each mode that 
requires the largest magnetic moment. 
It will be shown later that the wave shape of /MI vs 
time, in particular its maximum value % and its roat mean square 
values Mn, PIdr Mo during orbital night, day, and entire orbit 
determine the weight penalty of magnetic dumping. The greatest 
values encountered over 1 6  orbits are given below in Table 1. 
Table 1 
Mode -
POP 
IOP 
45OOP 
Magnetic Moments, amp-turn-meter 2 
Mn Md MO 
2320 2600 2500 3180 
6210 6870 6620 9160 
1 7 3 , 0 0 0  1 9 3 , 0 0 0  1 8 6 , 0 0 0  2 3 6 , 0 0 0  
*The present 
12000  ft-lb-sec. 
CMG system has a lA$MGl capacity of nearly 
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It is also interesting to compare the results in 
Table 1 with the minimum energy solution. Table 2 below is 
the result of evaluating the minimum energy solution, Equation 
(3), for each of the 16 orbits and noting the largest values 
of Mo. Mo is a measure of the energy requirement since 
1 T  2 = dt) 1’2 and, as will be shown later, \ M I 2  is propor- 
MO 
tional to the electric power required to produce - M e  
Table 2 
2 Mode Mo (amp-turn-meter ) 
POP 2380 
IOP 6040 
45OOP 184,000 
-
As expected, the results of Tables 1 and 2 are not 
strikingly different because the M = kI& x - B control law approxi- 
mates the minimum energy solution, 
6.0 MAGNET STRUCTURES 
‘Evaluation of any proposed magnetic dumping control 
law should include the effect of the resulting M vs time wave 
shape on the weight of the required magnetic st7ucture and the 
weight of the power supply for energizing the magnet. The 
magnetic designs considered in this memorandum are: 
1) Gimbaled circular air coil 
2) Three fixed orthogonal circular air coils 
3) Gimbaled iron core coil 
4) Three fixed orthogonal iron core coils 
For all designs, the magnitude of the magnetic moment 
of each coil is directly proportional to its current. For the 
gimbaled designs, the direction of the magnetic moment M is 
controlled by orienting the magnetic structure by means-of a 
two degree of freedom mechanism. 
For the three orthogonal coil designs, the direction 
of M is controlled by properly apportioning the energizing 
current among the three coils. 
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If Ii is the current through the ith coil and if K 
is the constant relating the magnetic moment Mi of the coil to 
the current, then, 
The total power to all three coils, each of resistance R, is 
2 2 I1 R + 122R + I3 R P = 
R 2 + M2 2 + M32) 
(5) 
R 2 
K 
= 2 IMI 
Equation (5) shows that for three identical orthogonal 
coils, the power required is proportional to the square of the 
magnitude of M and hence is independent of its direction. For 
a given coil zesign, high peak magnitudes of M require large 
maximum powers. Also, there is no power demaEd advantage if only 
one of these coils is used in a gimbaled design instead of three 
in an orthogonal design, although only one third of the coil 
weight is required. However, as will be shown later, for minimum 
system weight the two designs should differ. 
7.0 MINIMUM WEIGHT MAGNETIC DESIGN EQUATIONS, DAY AND NIGHT DUMP 
If magnetic dumping is done continuously, battery power 
is required during orbital night. During orbital day, however, 
solar cells can power the magnet and also recharge the batteries. 
Appendix C shows that for day and night dumping the 
weight of the power supply (solar array, batteries and control 
amplifier) is given by 
W = K P + KdPd + KaPm P n n  
where 
Pm = Maximum power delivered to the magnetic load 
= Average power delivered to the magnetic load 
during orbital night and day 'nrPd 
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Kn,Kd = Constants dependent upon the solar array 
and battery characteristics. 
upon the length of orbital night and day 
- Pounds per watt of the control amplifier. Ka 
for a three-magnet design is approximately 
three times that for a gimbaled magnet design 
because three amplifier channels are required. 
Kn also depends 
Ka - 
Appendix D shows that for all four magnetic designs, 
the minimum total weight of power supply and conductor (total 
weight of three coils for the three-magnet design) occurs if the 
power supply weight equals the conductor weight. 
design equations for this criterion are (Appendix D) as follows. 
Magnetic 
1) Gimbaled Circular Air Coil 
ImN = 1970 Mm/d2 amp-turns (7) 
(8) 
2 Na = 1970 J p / o  Me/d2 turn-in. 
2 - 6200 Mm 
Me d 
watts 'm - 
6200 J p a  Me 
lbs Conductor Wt* = d 
Total Weight = Conductor Weight + Power Supply Weight 
= 2 x Conductor Weight 
Maximum Coil Current, amperes 
Number of turns per coil 
Maximum magnetic moment, amp-turn-meter 
Root mean square value of magnetic moment during 
orbital night 
Root mean square value of magnetic moment during 
orbital day 
2 
*Does not include insulation and winding form weight. 
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d = Diameter of coil, in. 
a = Area of conductor per turn, in. 
p = Conductor resistivity, ohms per in. 
u = Conductor specific weight, lbs per in. 
'm 
2 
3 
3 
= Maximum power, watts 
2 )  Three Fixed Orthogonal Circular Air Coils 
2 ImN = 1970 Mm/d amp-turns (per coil) 
- 
(12) Na = 1140 ~ P / O  Me/d 2 turn-in.2 (per coil) 
1 0 7 0 0 4 7  Mm2 
- watts (total three coils) (13) 
10700 Me 
d 
Me 'm - d 
Conductor Weight = 
(14) lbs (total three coils) 
Total Weight = Conductor Weight + Power Supply Weight 
= 2 x Conductor Weight 
For the air coil designs: 
1) The weights and maximum powers are inversely propor- 
tional to the chosen coil diameter. 
2) Except for the slight effect of Ka, which differs for 
the two designs, the total weights and maximum powers of the 
three-coil design are 5 times those of the gimbaled coil 
design. 
3 )  
the root mean square values of [MI during both night and day and 
also upon the maximum over the oFbit. 
The weights of conductor and power supply depend upon 
BELLCOMM, I N C .  -11- 
3 )  Gimbaled Iron Core Coil 
Q~ 1/3 1/3 
Iron COre Length = 0.461(~) Mm in. (15) 
Iron Core Diameter = Core length/Q in. 
0.0767 oi M 
lbs. Iron Core Weight = aB 
= 9310 (D3Q2B2 1/3 1/3 amp-turns ImN a Mm 
j G  Mm 5 / 3  
watts =Z 13500 (,T) D3QB 1/3 
a Me . pm 
D3QB) 1/3 6 Me 
Conductor Weight* = 13500 (2 lbs (21) 
a Mm1/3 
Total Weight = Conductm Weight + PQwer Supply Weight 
+ Iron Core Weight 
= 2 x Conductor Weight + Iron Core Weight 
Q =  
a,D = 
B =  
c T =  i 
Length/diameter of iron core 
Emperical constants dependent upon choice of Q 
Maximum flux density established in iron core, 
webers per meter 
Specific weight of core material, l,bs per in. 
2 
3 
*Does not include insulation or winding form weight. 
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4 )  Three Fixed Orthogonal, Iron Core Coils 
gimbaled design, but three are now required. Except for the 
slight effect of Ka, which differs for the two designs, the 
total maximum power and total weight of conductor and power supply 
for the three-iron core design equals 3 times that for the 
gimbaled iron core design. However, Since the core weight far 
exceeds these weights, the total weight of a three-iron core de- 
sign is three times that of a gimbaled iron core design. 
The design of each iron core is the same as for the 
- 
For the iron core designs: 
1) As the chosen value of Q (length/ diameter of iron core) 
increases, a increases slightly and D decreases rapidly. The 
effect is illustrated by the following chart. (1) 
Q 
20 
30 
40 
- 
Thus the iron 
0.76 Q.0060 
0.77 0.0030 
0.049 
0.031 
0,020 
0.011 
0.78 0.0020 0.025 0.0082 
:ore weight is ra-her insensi-ive to Q, and, for 
a particular core waterial, depends upon the maximum value of 
the magnetic moment. No optimization of this weight is possible. 
2) The conductor and power supply weights drop rapidly as Q 
increases, but large iron core lengths result. These weights 
can be optimized for a given Q. 
and the root mean square values of the magnetic moment. 
They depend upon both the maximum 
8.0 MAGNET DESIGNS 
These night and day dump minimum weight equations 
applied to the control law data of Table 1 result in the designs 
shown in Figures 4 and 5. Fig. 4 are air coil designs using 
twenty foot diameter coils, of copper conductor. For other dia- 
meters the maximum powers and weights can be determined by noting 
that they are inversely proportional to the coil diameter, How- 
ever, these are the minimum weights for a twenty foot diameter 
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coil design. The power supply weight includes batteries, solar 
array, and control amplifier. The copper weight does not in- 
clude insulation nor winding forms. A twenty foot coil diameter 
has been chosen in this example because it fits within the 
Workshop skin. Air coils of a slightly different shape and 
diameter could be located within the empty LOX tank which is to 
be used as a refuse container. The total copper and power 
supply weights for the three-coil designs are almost twice that 
for the single gimbaled coil designs. However, the additional 
weight and complexity of the gimbal mechanism must be considered 
in comparing the two designs. Also, a large volume of space is 
required to accomodate the movement of the gimbaled coil whereas 
for the fixed coils this space can be used for storage or as a 
pass ageway. 
Fig. 5 shows single gimbaled iron core designs for a 
chosen core length/diameter ratio of 30. The core material is 
45 Nickel Permalloy operating at a maximum flux density of 1 
weber/meter . The weights for the three-magnet designs (not 
shown) are approximately three times that for the single magnet 
designs because three iron cores are required. 
2 
The three orthogonal air coil designs appear more 
attractive than either the gimbaled air coil or the iron core 
designs. 
For.both figures, either the maximum current, turns, or 
conductor area can be chosen, consistent with a reasonable physi- 
cal design. This choice determines the remaining two and fixes 
the current density at about 800 amps/in.:! for the gimbaled de- 
signs and 1200 amps/in.2 for the three-magnet desiqns. 
temperature rise standpoint, these current densities are conserva- 
tive. 
From a 
A typical three-air coil magnet design for the IOP 
mode might be a tape-wrapped bundle of 31 turns of #10 copper 
wire (conductor area = 0.008155 in.2) for each coil. Maximum 
current and voltage to any coil is 10.1 amperes and 21.5 volts. 
The additional weight due to wire insulation is estimated at 8% 
of the copper weight. 
A 30% savings in coil conductor and power supply 
weight can be realized if the coil conductors are made of alumi- 
num instead of copper. 
The effect of the required magnetic moment on the 
magnetic field in the vicinity of the Workshop must be considered 
in locating the magnetometer to measure the earth's magnetic 
BELLCOMM, INC. -14- 
field. For the twenty foot diameter air coils, the following 
table gives the maximum field strength (B)  along the coil axis 
in per cent of the earth's magnetic field (Bo) at the magnetic 
equator. 
Coil Diameters 0 2 3 4 
From Coil Center 
POP 86 1.2 .38 .17 
IOP 249 3.6 1.1 .48 
45OOP 6400 91 29 12 
If the coils are located at the aft end of the Work- 
shop, the magnetometer can be located in the MDA at a distance 
of 3 coil diameters. For the IOP mode, the maximum field strength 
produced there by the magnetic moment is 1.1% of the earth's 
magnetic field. 
operation. 
This will have little adverse effect on the dump 
Although the design equations would have to be re- 
vised, it is not necessary that the three-magnet design comprise 
three identical magnets. It may be more economical to construct 
larger magnets'on the vehicle axes of greatest required magnetic 
moment. This may, in turn, place a constraint on the vehicle 
mode and attitude. 
It should be remembered that the values in Figs. 4 
and 5 are conservative in that the sun is considered to lie in 
the orbital plane. As the sun moves out of the orbital plane 
the solar panels are no longer perpendicular to the orbital plane 
and the aerodynamic torque decreases. Also, less battery capa- 
city and solar cell peak power is required because of the length- 
ened orbital daylight. Hence over a mission the battery and 
solar array weight penalty is less than indicated. 
9.0 NIGHT AND DAY DUMP, LIMITED Mm 
Noting that the iron core weight (Equation 17) is 
directly proportional to the maximum magnitude (Mm) of M, - the 
control law was simulated with an upper limit placed on Mm. This 
resulted in a more nearly constant IMl since greater dumping 
action was required during periods wEen IMl previously was small. 
It was found that adequate dumping still occurred if Mm was 
limited to 85% of its unconstrained value. This allows a 15% 
BELLCOMM, INC. -15- 
reduction in iron core weight, which is the major weight in the 
iron core magnet designs, and a 15% reduction in weight of the 
control amplifier in all designs. 
root mean square values remained roughly the same. Hence there 
is little weight savings if air coils are used. 
Although Mm decreased, the 
10.0 DAY DUMP - CONSTANT 'I'M 1' 
If magnetic dumping is done only during orbital day- 
light, batteries are not needed if the solar cells are sized to 
supply peak power. In this case it may be advantageous to 
select a control law which results in a constant magnitude of M, - 
with only its direction changing. 
To study day dump with constant ]MI, - the M = kgs x - B
control law with a limited maximum magnitude M was appiied only 
during the 220° orbital day. A constant lMl 30% higher than the 
Mm for day and night unconstrained dumpingwas found adequate. 
constant [MI are developed in Appendix E. When applied to the 
above resuits, the total weight of the solar array, control am- 
plifier and copper coils for the three twenty-foot diameter air 
coil designs are: 
m 
The minimum weight design equations for day dump- 
IOP 45OOP* 
Total Weight, lbs 153 441 11,400 
-POP -
The portion of these weights attributable to the solar 
array is conservative since as the sun moves out of the orbital 
lane the dump interval increases, requiring a smaller constant 7 MI and a smaller solar cell power load. 
wgight advantage over continuous day and night dumping since the 
system must be sized for the minimum daylight orbit. 
However, there is no 
For the iron core designs, the 30% increase in weight 
of the iron core clearly offs-ets any saving in battery weight. 
11.0 APPROXIMATE MAGNETIC DESIGN FOR DAY AND NIGHT DUMP 
the orbiting vehicle experiences two cyclic variations of the 
earth's magnetic field B in one orbit, M, as defined by 
M = kEs x B, also has two cyclic variations in one.orbit. If 
orbital daylight time is not much greater than orbital night time, 
the root mean square values of [MI - during night and day are 
similar. 
Except for the slight effect of the rotating earth, 
- 
*See footnotes on Fig. 4 and 5 for this mode. 
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Then, Mn = Md = Mo 
It was noticed from a number of simulations that the 
ratio Mo/Mm varied between 0.7 and 0.8, with a mean of 0 .78 .  
With these approximations the expression 
2 2 2 KnMn + KdMd + KaMm 
becomes 
= .87Mm for the gimbaled magnet designs. Me 
Me = .98Mm for the three-magnet designs. 
Substituting these into the minimum weight air coil 
design equations (7 to 14) results in the following approxima- 
tions fo;. the 
1. 
2. 
220 nm, 220°  daylight orbit. 
Gimbaled Circular Air Coil 
- 3. 5Mm 
watts d 'm - 
2 e 6Mm 
lbs Copper Weight = d 
Three Orthogonal Circular Air Coils 
5 3Mm 
watts - 'm - d 
5 a lMm 
d lbs Copper Weight = 
Given a required maximum magnetic moment Mm, one can use these 
formulas to estimate the maximum power and weight. The total 
weight of copper and power supply equals twice the copper weight. 
gimbaled iron core designs for three different l/d ratios. The 
iron core weight, which predominates, is practically independent 
of the l/d ratio. 
Using the same approximations, Fiq. 6 shows the 
1,000 10,000 100,000 
MAXIMUM MAGNET ic MOMENT, AMP-TURN-METER* 
FIGURE 6 - APPROXIMATE GIMBALED IRON CORE MAGNET DESIGN 
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The total weight of a three-iron core design is 
approximately three times that of the gimbaled coil design. 
12.0 Mm ESTIMATION 
Since estimates of the properties of a Second Work- 
shop are subject to change, it would be convenient to have a 
quick method of estimating the magnetic dumping weight penalty 
for a variety of vehicle configurations. For this reason the 
control law was simulated for a range of bias momenta. The 
results suggest the following, 
For the POP mode the aerodynamic and gravity gradient 
bias momentum vectors lie in the orbital plane. For this case, 
Mm can be estimated by 
2 Mm = 12.5 Hb amp-turn-meter 
where Hb(ft-lb-sec) is the magnitude of the sum of the bias 
momentum vectors. 
For the 45OOP mode, the gravity gradient bias momentum 
vector lies in the orbital plane. Mm can be estimated by 
2 = 12.5 Hb = 0.0665 (Iz - I ) amp-turn-meter Mm X 
where Ix,Iz are the vehicle X and Z axes pr.incipalmoments of 
inertia (slug ft ) .  2 
For the IOP mode, for which the aerodynamic bias momen- 
tum vector is perpendicular to the orbital plane and the gravity 
gradient bias momentum vector lies in the orbital plane, Mm is 
plotted in Fig. 7 as a function of (I - Iz). Similar curves 
can be drawn for other values of aerodynamic bias. 
Y 
From these estimates of Mm, and from the equations 
and Fig. 7 of the previous section, a quick estimate can be made 
of the power supply and magnet weights. 
13.0 SUMMARY 
CMG bias momentum dumping can be accomplished without 
attitude maneuvers by means of an on-board electromagnet reacting 
with the earth's magnetic field to produce torque. A control 
law has been devised for determining the required magnetic moment 
profile over the orbit for proper dumping. Except for the small 
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effect of orbit-to-orbit variations in the earth's magnetic 
field, this control law minimizes the electric energy drawn 
from the power supply. 
System implementation for a Second AAP Workshop re- 
quires only the addition of a magnetometer, a control amplifier, 
and the electromagnet. 
The magnet structure may consist of a single gimbaled 
magnet or three fixed magnets. The magnet itself can be of air 
coil or iron core construction. 
In all cases, the total weight of conductor (total of 
three coils for the three-magnet design) and power supply (solar 
array, batteries, and control amplifier) is a minimum if the 
conductor weight equals the power supply weight. Design equa- 
tions for this criterion have been developed which give coil 
design, maximum power, and weights. 
For air coils, the total weight of a three-magnet 
design is approximately times that of a gimbaled magnet 
design. For iron core coils, the total weight of a three-magnet 
design is approximately 4 3 
and conductor of a gimbaled magnet design plus three times its 
iron core weight. 
- 
times the weight of the power supply 
Although the total weight of magnet and power supply 
is smaller for a gimbaled design, the additional weight and com- 
plexity of the gimbal mechanism and the sp,ace required to accomo- 
date the moving magnet makes the three-magnet design, in particu- 
lar the air coils, more attractive. With three fixed twenty foot 
diameter copper air coils, the total of power supply and conductor 
weight is 134 lbs for the POP mode and 366 lbs for the IOP mode. 
With a gimbaled iron core magnet, the coil and power supply 
weights are less but the iron core weight makes the total weight 
of the two designs comparable. The addition of a gimbaled 
mechanism makes its system weight greater. 
For the IOP mode, the maximum field produced at the 
center of the twenty foot diameter air coils is 2-1/2 times the 
earth's magnetic field. At three coil diameters distance it is 
0.011 times the earth's field. The magnetometer can be placed 
at this distance for satisfactory operation. 
Although the magnet designs presented in this memoran- 
dum are for a particular Workshop geometry, a method has been 
developed for quickly estimating magnet designs for variations 
in Workshop inertia properties. 
BELLCOMM, INC. -19 
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APPENDIX A 
Earth's Magnetic Field 
can be expressed in a nodal coordinate system defined at the 
The earth's magnetic field B at any point P in orbit 
\ X  \ASCENDING NO DE 
The x axis is directed from earth center to the ascending node, 
the Y axis is directed along the orbital velocity vector and 
the Z axis completes a right-hand orthogonal system. For this 
sys tem , 
= magnetic field strength magnitude at the magnetic 
BO 
equator at the orbital altitude. (0.26 x 
webers per meter2 at 220nm). 
*Representation of the earth's magnetic field in various 
coordinate systems can be found in the literature (TRW Space Data, 
Third Edition). 
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a = cos q sin p 
b 
E 
= sin i cos p - cos i sin p sin n E  
-1 b 4 =.tan - a 
= angle from the magnetic pole meridian plane to 
" the line of nodes. 
= angle from the line of nodes to the point P in 
OLV orbit. 
i = orbital inclination. 
p = colatitude of the north magnetic pole. 
The first term of (A-1)  varies slowly, depending upon 
the variation of nE due to the earth's rotation and orbital re- 
gression. 
in orbital position nLv. Since nLv> > nE , the X and Y components 
of B are approximately periodic with a frequency twice that of 
orbital frequency. 
The second term varie? mor? quickly due to the change 
BELLCOMM, INC. 
APPENDIX B 
Minimum Energy Magnetic Moment 
t Problem: Minimize J 
0 
- -  MTMdt 
Subject to the constraint 
t 
/ M x - Bdt = -€Ib 
0 -  
t 
Let G = f 
0 
(MTM i- (2 M)TA)dt - -  - -  - 
% 
Where - B is the matrix equivalent to the vector cross 
product operation - B x .  
- X is a vector of Lagrange Multipliers. 
Minimizing G by differentiating the integrand with 
respect to M and equating the resulting expression to 
zero, yields 
Substituting into (B-1) 
tsZIT -1 tQ2 = 2(/ B dt)’lH -b 
0 -  zb 
A = - 2 ( /  BB dt) 
0- - - 
Substituting - A into (B-2), 
M = (- /  tQ-J2 B dt)-’gb x B - 0 -  - (B-3 1 
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It will now be shown that the matrix within the paren- 
theses is positive definite and hence non-singular.* Let - u be an 
arbitrary time invarient vector. Then, 
where (g is the angle between B and u. Except f o r  the orbit coin- 
cident with the earth’s magneEic equatorial plane, the direction 
of B is not time invarient. Hence for any fixed u, sin 4 cannot 
be zero over the entire interval [O,t]. In genersl, then,the 
integral (B-4) is positive for any - u and the matrix is pasitive 
definite. 
*This proof contributed by J. Kranton. 
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APPENDIX C 
Power Supply Weight 
Symbols 
(The numbers i n  parentheses  are the estimated va lues  
used i n  ca l cu la t ions  i n  t h i s  memorandum.) 
Pn = Nighttime average load power, w a t t s  
Pd = Daytime average load power, w a t t s  
Pm = Maximum load power, w a t t s  
Ps = Sola r  Array power r a t i n g ,  w a t t s  
Tn = O r b i t a l  n ight t ime per iod ,  hours 
Td = O r b i t a l  daytime per iod ,  hours 
Erd = Regulator e f f i c i ency  x d i s t r i b u t i o n  e f f i c i e n c y  (. 82) 
Eb = Battery.  e f f i c i ency  (output  energy/input energy) (. 68) 
(-96) Ech = Bat te ry  Charger e f f i c i ency  
D = Allowable b a t t e r y  depth of d i scharge  
Kb = Bat te ry  watt-hours per  lb 
Ks = Sola r  a r ray  w a t t s  per  lb 
Ka = Control  Amplifier l b s  per  w a t t  
S ingle  Channel 
Three Channel 
( 3 )  
For continuous dumping, t h e  b a t t e r i e s  power t h e  
e lectr ical  load dur ing  t h e  n ight .  
the  batteries and power t h e  load during t h e  day. 
T h e  s o l a r  cells recharge 
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Battery n ight t ime 
energy output  
Bat tery r a t i n g  
Bat tery weight 
'n Tn 
Erd 
'n Tn 
Erd 
Bat tery daytime - 
Erd Eb recharge energy inpu t  
watt-hours 
watt-hours 
lbs 
watt-hours 
So la r  Array requi red  = daytime energy t o  b a t t e r y  and charger  
orbital energy output + daytime energy t o  r egu la to r ,  d i s t r i -  
bu t ion ,  and load 
watt-hours 
+ 'd] l b s  
- ps - Solar  Array weight - -  
Control ampl i f i e r  weight = Ka Pm l b s  
Tota l  Power Supply 
Weight ( s o l a r  a r r a y ,  
b a t t e r y  and con t ro l  d d  
amp li f i e  r ) 
= Kn Pn + K P + Ka Pm 
where - -[* Tn + 
Erd 
lb s  
BELLCOMM,  
APPENDIX D 
Minimum Weight Magnetic Design Equations - Day and Night Dump 
Symbols 
I = Current through coil, amps 
M = Magnetic moment, amp-turn-meter 2 
Mm = Maximum orbital magnetic moment 
N = Number of turns per coil 
A = Area of coil, inches 
R = Resistance per coil, ohms 
2 
= Maximum orbital load power, watts pm 
R =  length per turn of coil, inches 
p = Conductor resistivity, ohms per inch 3 
a = Conductor area per turn, inches 2 
W = Power Supply weight, lbs 
Mn 
Md 
P 
= Root mean square of magnetic moment during orbital night 
= Root mean square of magnetic moment during orbital day 
a = Conductor specific weight, lbs per inch 3 
d = Air coil diameter, inches 
B = Maximum flux density established in iron core, webers 
2 per meter 
a,D = Emperical constants dependent upon choice of &. 
values are listed in body of memorandum. 
Sample 
Q = Ri/di = length/diameter of iron core 
i a = Core material specific weight, lbs per inch 3 
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D 1 Gimbaled C i rcu la r  A i r  Coi l  
The c o i l  cu r ren t  requi red  t o  produce a magnetic 
moment M is given by 
1550M I = -  
NA 
The average c o i l  power during an i n t e r v a l  t is 
t 
( D 1 )  
(1550)2R 2 
t t N ~ A ~  M r m s  
0 
2 2  (1550) R M, 
The maximum power i s  
111 - 
'm - N ~ A ~  
(D3 1 NfiP  The c o i l  r e s i s t a n c e  i s  given by R = -a 
From Appendix C t h e  power supply weight i s  r e l a t e d  t o  
i t s  load power by 
W = K n n  P + KdPd + KaP, ( D 4 )  P 
where Pn, Pd, and Pm are t h e  average night t ime load power, 
average daytime load power, and maximum load power during the 
o r b i t .  
(1550) 2 Rp Me 2 
w =  (1550)2 R p  [ K  n n  M2 + K d M i  + K a m  M 2 ]  = (D5) 
A2Na P A ~ N ~  
where 
Me = [ K  M 2 + KdMd 2 + KaMm] 2 1 / 2  
n n  
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The coil conductor weight is 
wC 
The total weight of conductor 
wt = NRao 3. 
= NRaa 
and power supply is 
A2Na 
Minimizing the total weight by differentiating (D7) 
with respect to (Na) and setting the resulting expression equal 
to zero yields 
e 1 5 5 0 m  M 
A Na = 
Substituting this into the expressions for conductor and power 
supply weight shows that the two should be equal for minimum 
total weight. Forthis criterion the following design equations 
apply for a circular coil. 
1970 Mm 
I m N  = amp- turns 
d2 
1 9 7 0 m  Me 2 Na = turn-in. 
d2 
2 6 2 0 0 G  Mm 
Me 
watts - 'm - 
6 2 0 0 6  Me 
d lb s Conductor Weight = 
Total Weight = Conductor Weight + Power Supply Weight 
= 2 x Conductor Weight 
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D 2 Three Orthoaonal C i rcu la r  A i r  C o i l s  
I f  w e  assume f o r  a moment t h a t  the  requi red  M i s  
d i r ec t ed  along the a x i s  of only one of the  t h r e e  coils’;- t h e  
weight of t h e  power supply requi red  t o  energize t h i s  c o i l  i s  
given by equat ion ( D 5 ) .  But it has been shown t h a t  wi th  t h r e e  
orthogonal i d e n t i c a l  c o i l s  t h e  electric power requi red  t o  pro- 
duce a given M i s  dependent only on i t s  magnitude. Hence t h e  
weight of t hepower  supply requi red  t o  energize a l l  three c o i l s  
i s  given by equation (D5) regard less  of t h e  d i r e c t i o n  of  - M.
Since t h r e e  coils a r e  requi red ,  t h e  t o t a l  conductor 
weight i s  given by 
Wc = 3NRaa 
The t o t a l  weight of conductor and power supply i s  
2 (1550) 2RpMe 
2 A N a  
Wt = 3NRao + 
Minimizing t h i s  expression r e s u l t s  i n  t h e  following design 
equat ions for c i r c u l a r  c o i l s .  
1970 Mm 
- I m N  - 
d2 
- 1 1 4 0 m  Me 
N a  - 
(pe r  coi l )  d2 
2 1 0 7 0 0 6  Mm 
Me 
- 
prn d 
( t o t a l  3 coils) 
1 0 7 0 0 G  Me 
d Conductor Weight = ( t o t a l  3 c o i l s )  
amp-turns 
2 tu rn- in  
wa t t s  
l b  s 
Tota l  Weight = Conductor Weight + Power supply Weight 
= 2 x Conductor Weight 
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(1) D 3 Gimbaled I ron  Core Coi l  
The volume of  core ma te r i a l  requi red  t o  produce a 
magnetic moment Mm i s  
Volume = 
-7 
3 41~10 Mm 
C4B i n .  (39.37) 
L e t  Q = 
- R i  - 
Core weight = 
i n .  
m 
0 , 0 7 6 7 0 ~  Mm 
Volume x u i  = lbs CXB 
The maximum ampere tu rns  requi red  t o  magnetize t h e  
core is 
I f  t he  core  i s  worked on t h e  s t r a i g h t  l i n e  por t ion  
of the sheared B-H curve,  t h e  core f l u x  dens i ty  and t h e  magnetic 
moment i s  propor t iona l  t o  t h e  co i l  cu r ren t  I. 
M = K I  
The maximum c o i l  power i s  
2 M: R 
P m = I m R = -  
K 2  
The average c o i l  power during an i n t e r v a l  t is  
R 2  Mmdt = - M t 2  I Rdt = K $ Lt K2 r m s  
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o r  from above 
2 
Mrms 'm 
Mm 
2 P =  
From Appendix C ,  t h e  power supply weight is  r e l a t e d  
t o  t h e  load power by 
+ KaPm W = KnPn + KdPd P 
where P n b P d ,  and Pm are t h e  averagenight t ime load power, average 
daytime load power, and maximum load power during t h e  o rb i t .  
S u b s t i t u t i n g  (D10) i n t o  (Dll) y i e l d s  
2 2 2 'm 'm 
Mm Mm 
[ K M  + K M  + K a M m ] = ~  w = -  P 2 n n  d d  
2 I N R p  - ( I m N )  2R p But Pm = I m R  =.(+) -g- - Na 
S u b s t i t u t i n g  (D8) and ( D 1 3 )  i n t o  (D12) y i e l d s  
2 D Q B  ( 3 ," 2 ) 2 / 3  R p 
W = ( 9 3 1 0 )  
P 
The c o i l  conductor weight i s  
Summing (D14) and (D15) and minimizing by d i f f e r e n t i a t i n g  with 
respec t  t o  (Na) y i e l d s  
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( D 1 6 )  
2 3 2 2 113 Me 
N a  = 9310 (. QclB 1 '7 turn-in.  
Mm 
S u b s t i t u t i n g  ( D 1 6 )  i n t o  ( D 1 4 )  and (D15) shows t h a t  f o r  minimum 
t o t a l  weight t h e  power supply weight equals  t h e  conductor weight,  
T h i s  c r i t e r i o n  y i e l d s  t h e  following 
1/3 6 Mm 5/3 
= 13500 (Pj wat t s  
'm Me 
1/3 6 Me 
Conductor = 13500 (9)
Weight M z '  
l b s  
Total  Weight = Conductor Weight + Power Supply Weight + Core Weight 
= 2 x Conductor Weight + Core Weight 
D 4 Three Orthogonal I ron  Core C o i l s  
The design of  each i ron  core i s  t h e  same as f o r  t h e  
gimbaled design,  bu t  three a r e  required.  
The power supply we igh t  i s  given by ( D 1 4 )  bu t  t h e  
t o t a l  conductor weight of t h e  t h r e e  coi ls  i s  
Wc = 3Naoa 
Minimizing the  t o t a l  power supply and conductor weight r e s u l t s  
i n  
3 2 2 1 / 3  1 / 3  
amp-turns = 9310( D Q B  ) Mm I m N  c1 
2 1 / 3 m  Me turn-in.  
2/3 
N a  = 5380 
Mrn 
(pe r  c o i l )  
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5/3 
= 23300 j":s"i -113 Mm w a t t s  
'm Me ( t o t a l  3 c o i l s )  
Conductor Weight = 23300 lbs 
( t o t a l  3 c o i l s )  
To ta l  Weight = Conductor Weight + Power Supply Weight 
+ 3 x Iron Core Weight 
= 2 x Conductor Weight + 3 x I ron  Core Weight 
BELLCOMM, I N C .  
APPENDIX E 
Minimum Weight Magnetic Design Equations 
Day Dump - Constant [ M I  - 
(Symbols are the same as i n  Appendix D )  
E 1 Three Orthoaonal C i rcu la r  A i r  Coi ls  
With a cons tan t  magnetic moment magnitude M, t h e  
e lectr ic  power P t o  t h e  c o i l s  is a l s o  constant .  
'ap Control Amplifier Weight = 
P - Sola r  Array Weight 
Conductor Weight of Three = 3NRao 
Coi ls  
When - M is  d i r e c t e d  along t h e  ax i s  of one of t h e  coi ls ,  
Coi l  Current I 1550M - Na 
Coi l  Res is tance  R - N R p _   
a 
2 (1550)  2'!t.pM2. 
2 A N a  
:. Tota l  power f o r  - M i n  any d i r e c t i o n  = I R = 
(1550)  L p M 2  (K + 
Tota l  Weight = 3NRao + 
A ~ N ~  
For minimum t o t a l  weight 
p J-/L 
1 , 1 4 0 m  M (Ka  + 1 
N a  = c. 'sErd 2 turn- in .  
dL 
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1 
KsErd 
10,7OOJ;;-;;- M (Ka + -) 
lbs d Conductor Weight = 
Tota l  Weight = 2 x Conductor Weight 
E 2 Gimbaled Tron Core Coi l  
The i r o n  core dimensions and weight are ca l cu la t ed  
as i n  Appendix D 3 .  
Control Amplifier Weight = KaP 
So la r  Array Weight - P - 
KsErd 
Conductor Weight = NRao 
To ta l  Weight = NRao + P(Ka + 
KsErd 
The cons tan t  ampere tu rns  requi red  t o  produce t h e  
constant  M i s  . 
I N  = 9310(D 2)1/3 &3 
a 
2 (IN) Rp 
Na P = I R =  
S u b s t i t u t i n g  t h i s  i n t o  t h e  t o t a l  weight expression 
and minimizing y i e l d s  
Na = g 310 (D3Q2B2 )1/3 Jp' ;7;;M 1/3 2 turn- in .  a 1 )-1/2 (Ka  + - 
KsErd 
l b s  D3QB M 2 l 3  1 )-1/2> Conductor Weighb = 13,500(-) a + 
(Ka KsErd 
Total  Weight = 2 x Conductor Weight + I ron  Core Weight 
